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1.0.1.

1.0.2.

Pros:

Cons:

LECTURE 1. REVIEW OF PHYS 302. NEWTONIAN FORMULATION. 1

LECTURE 1
Review of Phys 302. Newtonian formulation.

Introduction
e Syllabus. Exams. Homeworks. Grades. Office hours etc.
e Structure (tentative) of the course.
e Questions, interruptions etc.
e Life is good and physics is great!

Newtonian formulation
e Inertial frame of references.
[ ]

F=ma
[ ]
Fio = —Fy

e Write (draw) down all the forces that act on a body. Remember, that the force is

always a result of INTERaction.
e Chose a Cartesian system of coordinates in the inertial frame of reference.
e Write down the components of the forces in the chosen system of coordinates.
e For each component write down the equation of motion

F; = ma;, ﬁ = F,
e Solve the resulting system of generally nonlinear differential equations.
e Use the initial conditions in order to find the motion 7(¢).

e Very straight forward and intuitive.
e Very general — the nature of the forces does not matter, as long as you know them.

e The symmetries and corresponding conservation laws are hidden.

e Difficult to use in anything but the inertial frame and Cartesian coordinates. (ficti-
tious forces etc)

e Very quickly becomes cumbersome. Easy to make mistakes.

Examples. Wedge. Wedge with friction. Oscillator. Pendulum.

1.1.

Conservation laws.

e Momentum conservation law.
— Center of mass motion.

Example: Rocket motion, Inelastic collision.

Mv = (M +dM)(v + dv) + (Vo — v)dM,

dv dM
Voz_ﬁ7 Uf—UZ‘:—‘/OlOg

f
M;
e Angular momentum conservation law.
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— Torque
F=7xF
— Angular momentum
J=Fx 19
— Central internal forces.
J = Top.

Example: A bullet in a disc.
Example: A bullet in a disc-like wheel with no friction. What height should the bullet strike

for the wheel to roll without slipping?



LECTURE 2
Review of Phys 302. Energy conservation.

Example: At what point should the stick strike so that the striking hand feel good?
e Energy conservation law.

— Work 5
A= [ F -
A
It depends on the path from A to B.
— Kinetic energy.

. dv mi>
A / dr m o vdt ma - dv 5
— Conservative forces.
F__oU
- OF

— Potential energy U. If forces depend on coordinates only it does not mean that
the force is conservative and the function U exists.
— On a closed contour the work of a conservative force equals zero.
— For a conservative force the work does not depend on the path.
— Total energy
mi?

E=—+U.
5 +

is conserved
dE . dv oU dr
=" w o a =
Examples: A wall with rope and a cart. Elastic 1D collision.
Examples of both Energy and momentum conservation: Elastic collision in 2D (case of
equal masses.)

Example of 1D motion under conservative force.

m@—ﬁ)~6=0

2
mug

l’(t:to)zxo, E:T+U(ZEO)

/ﬂ: \/E#U(x) = i\/Z(t — o),

Example: 1D, the graph U(x).






LECTURE 3
Review of Phys 302. Lagrangian and Hamiltonian

formulations.
3.1. Lagrangian formulation.
e Action
B
s= [ Lt
A
e Hamilton principle. Minimum of action. Lagrangian L({q;},{¢;},t). Euler-Lagrange
equation.
d oL OL
dt dg;  Oqg;
[ ]
L=K-U
e Generalized momentum (canonical)
0L
" o0

Conservation of generalized momentum (ignorable coordinates).
Conservation of energy — no explicit time dependence in the Lagrangian.

Cons:
e Only conservative forces.
Pros:
e General coordinates.
e Only one scalar function L needs to be constructed. Easier.
e Symmetries are more transparent.
Examples:

e Pendulum in the accelerating car.

The technique of minimizing a functional is not used in mechanics exclusively. There
are a lot of problems where such techniques are useful. The conservation lows will also be
applicable there, but will, in general, have different meaning.

5
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3.2. Hamiltonian formulation

Phase space ({g¢;}, {p:}).
Poisson brackets {p;, g;}.

Hamiltonian H({¢;},{p:})-
Hamiltonian equation of motion:

e In canonical coordinates and momenta

dg 0f  dg Of
iy 455 — 51 3 5 - - .
tp g} * .94 z@: (api dq;  9q; Op;
[ J
. _aH . 0OH
Pi = ER qi = opi
[
oL
H(pi,q:) = iqi — L, i = A
(pi> 4i) Zi:p g Pi= o0
3.3. Motion in 2D in a central field
e Motion in 2D in a central field.
mr? mr2<;52
I = _
5 + 5 U(r)
ﬁmf‘ = mrgf)Q — 88(7{, jtmr% =0
So we the angular momentum
Ly = mngb
is conserved. We can use then ¢ = % and write
d . Li ou 0 Li
dtmr_mr?’_ar__ar(Zmr? U

This is a motion in 1D in the effective central potential
2
Ly

Ueps(r) =U(r) + 5 5

We then know the solution

2 2
S i\fdt, dt = """ e
E — Ueff<7“) m L¢

L¢ 1 d?"

\/%ﬁ\/E— Uers(r)

or

+do =



LECTURE 3. REVIEW OF PHYS 302. LAGRANGIAN AND HAMILTONIAN FORMULATIONS.

e Kepler orbits. Let’s use the gravitational potential energy

GM
U(r) = ——-1
,
then we have
U= _GMm Li
/s r 2mr?
and I " )
o Lo [mar
¢ ¢0 \/%TOT/2\/E_GMm+ Li
r! 2mr’?

e Scattering angle.






LECTURE 4
Probability density. Disintegration of a particle.

4.1. Probability density.

e Probability density.
— Probability.
— Probability density.
— Positive definite.

— Normalization.
— Averaging: (v?) = [v%p(v)dv, or more generally (f(v)) = [ f(v)p(v)dv.
— 1D quantum harmonic oscillator with potential energy U(z) = ™= the wave

M)1/4 e_mw 2

function of the ground state is ¢ (z) = (Wh 2 ¥ The probability density

for the coordinate is
mw 1/2 mw .2 s
= [ — ~h ¥ dr = 1.
( mh ) ¢ ’ / pla)dx

—0o0

!

=

=

s
|

p()

Average position in the ground state is given by

(x) :/ zp(z)dx = 0.
However,
00 1 h
2 2
(@) = [ atp(a)de = 5
In particular average potential energy
mw?

W) = [~ Ulptarts = ") = o

We also can ask what is probability density for the potential energy U? We see,

that x = /2U/mw?, so dx = \/Q#JW.
dU 1 U
z)dxr = <\/2U mw2> = e o dU.
ple) P / Vo2Umw?  V2rUhw

SO
e s / pu(U)dU = 1.
0
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e sin(0)

% vorcont)

Figure 1. Tlustrations to the equations (4.1) and (4.2).

— Change of variables.
Let’s say we have a probability density p(v) to find a speed between v and v+dv.
We want to find the probability density to find a kinetic energy between K and
K + dK. The probability is

dp = p(v)dv

The kinetic energy is K = m2”2, or v = \/m, so dv = d%m, and

dp = "(*/QK/WWM’ prc(K) = p(‘/M/m)mﬁlKW'

— Notice the change of differential!
— Uniform distribution.

4.2. Disintegration of a particle.

e Disintegration of a single particle.
— In the center of mass system of reference
2 2
mlvcl m2U02

mivct + moves = 0, 2 5 &

2 2,2 2
M1V n mive _ M1V <1 n m1> _ .
2 2m2 2 mo

— In the laboratory system of reference
Up1 = V+ Ue.-
— Kinematics show
. vC1 .
(4.1) sin(0r maz) = A if V>wve
and

v sin(6)

4.2 =
(4.2) tan 0y ver cos(0) + V7

or

Voo, vz o,
cosf) = ———sin"(0) & cos(0r)(/1 — ——sin®(0y).
vel Ve
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For vey > V the result is one-to-one, we must take the + sign, so that 6(6;, =
0) = 0, for vo1 < V the result is not one-to-one: for a single 6, in laboratory
frame, there are two s in the center of mass frame.

e Disintegration of many particles.

— We are watching only particle number 1.

— In each disintegration we know the speed veoq. The speed in the center of mass
reference frame is the same for all disintegrating particles.

— The direction of the vector v is arbitrary. We assume that there is no pref-
erential direction (the way the initial particle was set up) and any direction of
Uc 1is equally probable.

— All detectors are on a sphere of radius R. In the center of mass ref. frame the
probability to find the particle 1 in the solid angle df2 is

p R%dY  sin(0)dfd¢
P=rre ~ 4

— The probability density to find the velocity v direction between the angle 6

and 6 4 df is (we do not care about the angle ¢.)

2m gin( )dgb 1
dp = dG/ ism(ﬁ)dﬁ.

(One should check that the total is 1.)
— In the laboratory reference frame v,; = V' + g, so

vi =V + 03, + 2Vue cos(8).
where 6 is the angle in the center of mass ref. frame.
— The kinetic energy of the particle 1 in the laboratory ref. frame is

2 2 2
myv7, mV mivE
K p— p—
L 2 5 T

dK = —my Ve sin(6)d6.

+ my Ve cos(6),

1
dp = ——dK.
P 2m1Vv(;1
The uniform distribution: px = m
— The maximum kinetic energy is K, = ml(v+”01)2 For V' > vc; the minimum

v
is Kpnin = 77"1( ver)”

— One can check that






LECTURE 5
Scattering cross-section.

Set up of a scattering problem. Experiment, detector, etc.

e Energy. Impact parameter. The scattering angle. Impact parameter as a function
of the scattering angle p(6).

e Flux of particle. Same energy, different impact parameters, different scattering an-
gles.

e The scattering problem, n — the flux, number of particles per unit area per unit
time. dN the number of particles scattered between the angles # and 6 + df per unit
time. A suitable quantity to describe the scattering

do = d—N

n

e It has the units of area and is called differential cross-section.

e If we know the function p(#) , then only the particles which are in between p(f) and
p(0 + df) are scattered at the angle between 6 and 0 + df. So dN = n2mwpdp, or

do = 2mpdp = 27p ’Zg do

(The absolute value is needed because the derivative is usually negative.)
e Often do refers not to the scattering between 6 and 6 + df, but to the scattering to
the solid angle dw = 27 sin #df. Then

_ P |9
o= |d9dw

sin 6

Examples

e Cross-section for scattering of particles from a perfectly rigid sphere of radius R.
— The scattering angle 6 = 2¢.
— Rsin¢ = p, so p = Rsin(6/2).

p_|dp Lo
sin 0 ’d@ YTt
— Independent of the incoming energy. The scattering does not probe what is

inside.

13
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O Ao

Vo Vo (07

P b R P

a—23

Figure 1. The scattering processes from: left, rigid sphere; right, spherical square
potential —Uj.

— The total cross-section area is
1 T
o= /da = 132271/ sin #dh = 7 R?
0

e Cross-section for scattering of particles from a spherical potential well of depth U
and radius R.
— Energy conservation

2

2
mvg  muv / 2U, Sm—
T:T—Uo, V= 1y 1+m71)g:1)0 1+U0/E

— Angular momentum conservation

vgsina = vsin 3, sinaw = n(E) sin g, n(E)=+/14+Uy/E
— Scattering angle
0 =2(a—05)
— Impact parameter
p = Rsina
— So we have

% = sin(a) = nsin(f) = nsin(a — 0/2) = nsinacos(6/2) — ncos asin(6/2)

= n% cos(0/2) —ny/1 — p?/R?sin(0/2)

2 R? n?sin?(0/2) '
1+ n?—2ncos(6/2)
— The differential cross-section is
_ R**  (ncos(0/2) —1)(n —cos(6/2))
~ 4cos(0/2) (14 n2—2ncos(6/2))2
— Differential cross-section depends on E /Uy, where E is the energy of incoming
particles. By measuring this dependence we can find U; from the scattering.

do dw
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— The scattering angle changes from 0 (p = 0) to 0,42, Where cos(Opaz) = 1/n
(for p = R). The total cross-section is the integral

emll.’l)
o= / do = TR2.
0

It does not depend on energy or Uj.

e Negative Uj.
— Consider a negative Uy — this is not a well, but a bump.

— Then for E > U,
n=4/1—|0|/E <1

and it is imaginary for £ < U.

— For E > Uj, or n < 1, there is no solution of equation sin(a) = nsin(f3) for
a > g = sin~H(n).

— So for Rsin(a..) = nR < p < R the particle does not penetrate inside the
potential.

— In this range of impact parameters we will have a reflection from a “rigid” sphere.






LECTURE 6
Rutherford’s formula.

6.1. Rutherford experiment.

What is the question?

Experiment set up.

Expected result from Thomson model.
Obtained result.

2. Rutherford formula.

Consider the scattering of a particle of initial velocity v, from the central force given by the
potential energy U(r).

e The energy is

mu?

E = 2°°.
e The angular momentum is given by
LQS = MU P,
where p is the impact parameter.
e The trajectory is given by
L;
(6 — o) = / L U =U() + 5%
70 E— Uy f( ) 2mr?

where rg and ¢y are some distance and angle on the trajectory.

At some point the particle is at the closest distance o to the center. The angle at this
point is ¢g (the angle at the initial infinity is zero.) Let’s find the distance 9. As the
energy and the angular momentum are conserved and at the closest point the velocity is
perpendicular to the radius we have

mU
E = Yo

+ U(ro), L, = mrovp.
so we find that the equation for r( is
Ueff (7‘0) =F.

17
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This is, of course, obvious from the picture of motion in the central field as a one dimensional
motion in the effective potential U.sf(r).
The angle ¢q is then given by

L¢ 0 1

oo = S —
0 TP VE = Uess(r)
From geometry the scattering angle 6 is given by the
relation
(6.B)jgure 1. Rutherford experiment. 0+ 2¢g =m.

So we see, that for a fixed vy the energy E is given, but the angular momentum L,
depends on the impact parameter p. The equation (6.1) then gives the dependence of ¢
on p. Then the equation (6.2) gives the dependence of the scattering angle 6 on the impact
parameter p. If we know that dependence, we can calculate the scattering cross-section.

p|dp
do = — | d
77 sing |do| ™
Example: Coulomb interaction. Let’s say that we have a repulsive Coulomb interaction
o
U=—, a>0
r
In this case the geometry gives
9 =T — 2(b0
Let’s calculate ¢
L 00 1
G0 = ¢ =
0 r

2mr2
where rq is the value of r, where the expression under the square root is zero.
Let’s take the integral

/1/7’0 x /1/7‘0 dx
0 _7_2mr2 \/E—Oz.%'—.Z'Q o \/E+2L2_ (x_'_LQ)2
2m [1/ro dx
L2 / 2mE a?m?2 am\2
L;ﬁ (z + Li)
changing 2mE L4 “siny =z + Tz we find that the integral is
L3

2m 71'/2
— d
\Li/l v
2,,2

~1/2
where sin(yy) = 9% <QZZE + 4 ) So we find that

Li [ e
¢027T/2—¢1

or

omE  a?m2\ ?
Cos g = sinyy = — ( 5~ + — )
Ly \ L Ly



LECTURE 6. RUTHERFORD’S FORMULA.
Using Ly = pv2m£E this gives

0 o, a*\ "’
Sln§ :ﬁ (,0 +4E2>

or

The differential cross-section then is

dp* 1 a \? 1
do = do= () —d
77746 250 ™ (4E> sin?(/2) "

e Notice, that the total cross-section diverges at small scattering angles.

19






LECTURE 7
Rutherford’s formula. Intro in oscillations.

7.1. Rutherford formula.

Rutherford’s formula.

dp* 1 a\? 1
do = ———dw=|-—) —=d
77746 250 ™ <4E> sin?(/2) "
Divergence of the forward scattering in the ideal case — the cross-section of the beam.

The beam. How do you characterize it?

What is measured?

The statistics. How much data we need to collect to get certainty of our results?
The beam again. Interactions.

Final state interactions.

The forward scattering diverges.

The cut off of the divergence is given by the size of the atom.

Back scattering. Almost no dependence on 6.

Energy dependence 1/E?.

Plot do as a function of 1/(4FE)?, expect a straight line at large 1/(4F)%.
The slope of the line gives a?.

What is the behavior at very large £7 What is the crossing point?

The crossing point tells us the size of the nucleus do = %dw.

7.2. Small oscillations.

Problem with one degree of freedom: U(x). The Lagrangian is
2

mi
L=——-U(x).
2
The equation of motion is
. ou
mi = ———
Ox
If the function U(z) has an extremum at z = o, then 2 = 0. Then = = x( is a (time
T=x0

independent) solution of the equation of motion.
21
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Consider a small deviation from the solution x = x¢ + 0x(t). Assuming that oz stays
small during the motion we have

U(x) =U(xg + dx) =~ U(xg) + U'(x9)0x + ;U”(xo)5m2 = Ul(xzo) + ;U"(xg)éxQ
The equation of motion becomes
mox = —U" (xo)0x
o If U"(x0) > 0, then we have small oscillations with the frequency

Wt = U" ()
m

This is a stable equilibrium.
o If U"(xg) < 0, then the solution grows exponentially, and at some point our approx-
imation becomes invalid. The equilibrium is unstable.

Look at what it means graphically.

7.2.1. Examples.

o U(x):%+%,wherek>0and7>0.
) U(a:):—k—f+%,wherek>0and7>0.
Look at what it means graphically.

7.2.2. Noise and dissipation.

Generality: consider a system with infinitesimally small dissipation and external perturba-
tions. The perturbations will kick it out of any unstable equilibrium. The dissipation will
bring it down to a stable equilibrium. It may take a very long time.

After that the response of the system to small enough perturbations will be defined by
the small oscillations around the equilibrium



LECTURE 8
Oscillations. Many degrees of freedom.

8.1. Full solution in 1D.

The equation
P=—wtr, W =U'w)/m>0,  Ulw)=0
General solution
z(t) = Acos(wt) + Bsin(wt) = C cos(wt + ¢) = RCe™", O =Ce®.

The two arbitrary constants A and B, or C' and ¢, or one complex C' must be found from
the initial conditions.

z(0) = o, £(0) = .

8.2. Special w = 0 case.

8.3. Many degrees of freedom.

Consider two equal masses in 1D connected by springs of constant k£ to each other and to
the walls.

There are two coordinates: x; and xs.

There are two modes 7 — 2 and z; + 5.

The potential energy of the system is

kx?  k(zy —x9)®  ka?

2 2 2

U(l‘l,ZL’Q) =

The Lagrangian

.2 .2 2 2 2
may | miy  kr{  k(z —x)”  kaj

L = + — —
2 2 2 2 2
The equations of motion are
m:i'l = —2]€$1 + ]{31‘2
mi‘g = —2/{Z{E2 + l{?l’l

These are two second order differential equations. Total they must have four solutions. Let’s
look for the solutions in the form

Ty = Alezwt’ Ty = A2ezwt

23
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then

—w?mA, = —2kA; + kA,

—w?mAs = —2kAy + kA,
or

(2k — mw?)A; — kAy =0

(2k — mw?)Ay — kA, =0

2k — mw? —k A\
—k 2k — muw? Ay |

In order for this set of equations to have a non trivial solution we must have

or

2k — mw? —k
det ( L 2% — mw? ) =0, (2k —mw?)* —k* =0, (k —mw?)(3k —mw?) =0

There are two modes with the frequencies
w?=k/m, wp = 3k/m

and corresponding eigen vectors

(1)-+(2). (8)-+(2)

The general solution then is

( 2 ) = A" ( i ) cos(wat + @) + A ( _11 ) cos(wpt + ¢p)

e Picture of the eigen modes.
e Symmetry.

What will happen if the masses and springs constants are different?
Repeat the previous calculation for arbitrary mq, mo, ki, ko, k3.
The Lagrangian

. mlx% mgl’% klﬂf% kg(.fl}l — 33'2)2 _ kgl'%

L = M
2+2 2 2 2

The equations of motion

mlil = —(/{31 + /{32)1’1 + ]le’g
mg.’ig = k’gl‘l — (k3 + k2)$2.

We look for the solution in the form

X _ _iwt Al
()= ()
The equations become

kl + ]{?2 — w2m1 —k)g A1 —0
—ky ko + ks — w?my Ay | T



LECTURE 8. OSCILLATIONS. MANY DEGREES OF FREEDOM. 25

There is a non-trivial solution iff

ky + ky — w?my —ks _
det ( —ky ky+ ks —w®my ) 0

It will have two solutions for w? (it may be degenerate). Correspondingly it will have two
eigen vectors.
A¢ Ab
2_ 2 1 2 _ 2 1
pot o (B). s ()
The general solution then is

x A Ab
( x; ) —a ( Aé ) cos(wat + @g) + b < Aé ) cos(wpt + @p).
The four constants a, ¢,, b, and ¢, must be found from the initial conditions.
General scheme.






LECTURE 9
Oscillations. Many degrees of freedom.

9.1. Example of w = 0.

A rail and two objects with masses m and M connected by a spring k.
The Lagrangian is
mit  Mii  k(xy — x5)?

L= —
2+2 2

The equations of motion are

mil = —]{(Il — 172)

Mi‘g = —k(l’g — ZIJl)

Looking for a solution in the form

then
—wm+k —k Ay 0
—k’ —(.UQM —|— k’ AQ o

So the determinant equal zero requirement gives

w'mM — k(m + M)w* = 0.

2 1 s, m+ M M
w” =0, ( E w” =k T .
The full solution is

(i;gg ) —(vot—i-xo)(i)—i—a( %)cos( kmm+MMt+¢>

e Role of symmetry for zero mode.

Two solutions

27
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9.2. Example of mode disappearing.

A rail a wall and to objects with masses m and M connected by a spring k with each other
and by the spring k£ through mass m with the wall. Consider the case m =0 and m — 0.
The Lagrangian is
I— mi? N Mij ka? Kz — 79)?
2 2 2 2

The equations of motion are
mil = —kl‘l — ]C(Sl,’l — .IQ)
M.i'g = —k(fEQ - .1'1)

Looking for a solution in the form
$1(t) _ Ay iwt
Jig(t) AQ ’

—w?m+2k —k A\ 0
—k —w2M + k AQ o

So the determinant equal zero requirement gives
wrmM — k(m + 2M)w® + k* = 0.

e Notice, that if we put m = 0 directly in the equation we will get a single solution
w? = k/2M. However, for any, no matter how small m # 0 we must have two modes!
What happens to the second mode as m — 07

2M +m 4+ VAM?2 +m?2

then

The two solutions are

2
=k
“ 2mM
For m <« M, we have
PRI S
T2M om '

Physical picture:
e Mode w_: when m is very small, we have two springs in series (spring constant k/2)
acting on mass M.
e Mode w,: when m is very small, M almost does not move we have two springs in
parallel (spring constant 2k) acting on mass m.
e When m — 0 acceleration goes to infinity, so is corresponding frequency.

9.3. General situation.

Let’s consider a general situation in detail. We start from an arbitrary Lagrangian

L=K({a} {a}) —U{a})

Very generally the kinetic energy is zero if all velocities are zero. It will also increase if any
of the velocities increase.

It is assumed that the potential energy has a minimum at some values of the coordinates
¢ = qio- Let’s first change the definition of the coordinates x; = ¢; — qo;. We rewrite the
Lagrangian in these new coordinates.

L= K{i:}, {z:}) — U({w:})
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We can take the potential energy to be zero at x; = 0, also as z; = 0 is a minimum we must
have OU/0x;[(,,_o = 0.

Let’s now assume, that the motion has very small amplitude. We then can use Taylor
expansion in both {#;} and {z;} up to the second order.

The time reversal invariance demands that only even powers of velocities can be present in
the expansion. Also as the kinetic energy is zero if all velocities are zero, we have K (0, {z;}) =

0, so we have
0K

1
K{z;}, {x;}) =~ = —
(@) e =5 X 5
where the constant matrix k;; is symmetric and positive definite.
For the potential energy we have

1 oU

i?j

. [
IL‘il'j = §]€iin$j,

=0,2=0

1
Iiﬂfj = §uijxia:j,

=0
where the constant matrix u,; is symmetric. If = 0 is indeed a minimum, then the matrix
u;; is also positive definite.

The Lagrangian is then
1 1

L= Ekl-jat'ijvj — QUi
where k;; and u;; are just constant matrices. The Lagrange equations are
kiji; = —uix;
We are looking for the solutions in the form
Tl = A?eiw“t,
then
(9.1) (ngij - Uij) A7 =0,

where the summation over the index j is assumed.
In order for this linear equation to have a nontrivial solution we must have

det (wsl{?i]’ - uij) =0
After solving this equation we can find all N of eigen/normal frequencies w, and the eigen /normal
modes of the small oscillations Af.

We can prove, that all w? are positive (if U is at minimum.) Let’s substitute the solutions
w, and Af into equation (9.1), multiply it by (Af)* and sum over the index 4.
Z (wikm - uij) Aj (47)" = 0.
ij
From here we see .
L2 i ui Aj (A7)
“ ki AY (A7)
As both matrices k;; and w;; are symmetric and positive definite, we have the ratio of two

positive real numbers in the RHS. So w? must be positive and real.
Examples

e Problem with three masses on a ring. Symmetries. Zero mode.
e Two masses, splitting of symmetric and anitsymmetric modes.






LECTURE 10

Oscillations with parameters depending on time.
Kapitza pendulum.

e Oscillations with parameters depending on time.

1 1
The Lagrange equation
d d
Em(t)%x = —k(t)x.

We change the definition of time

gl _d A1

T T A dt — mt)

then the equation of motion is
i
dr?

So without loss of generality we can consider an equation

= —mbkx.

i = —w(r)x

e We call () the frequency of change of w.
e Different time scales. Three different cases: Q > w, ) < w, and Q ~ w.

10.1. Kapitza pendulum Q > w
10.1.1. Vertical displacement.

e Set up of the problem.
e Time scales difference.
e Expected results.

The coordinates ‘
x=1[sing & =lpcosp
y=1(1—cos¢)+¢&"’ y=lpsing + &

31
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The Lagrangian

mi? ., L
L= 7¢ + mlpE sin ¢ + mgl cos ¢

The equation of motion

¢5+§Sin¢:—w2sin¢, w? =g/l
Look for the solution
O =c¢o+0, =0
e What does averaging means. Separation of the time scales. Time T such that
VT« T<w™h
We expect 6 to be small, but 6 and 6 are NOT small. The equation then is

(10.1) do + 0 + ?sin b0 + ?9 cos g = —w? sin ¢y — w6 cos Py

The frequency of the function ¢ is small, so the fast oscillating functions must cancel each
other. So . -
0+ ? sin ¢g + ?9 cos g = —w?6 cos .

Neglecting term proportional to small 6 we get
0 = —§ sin ¢0.

As € = 0, the requirement # = 0 fixes the other terms coming from the integration.
Now we take the equation (10.1) and average it over the time 7.

.0
Do + lg cos ¢y = —w? sin ¢y

We now have
— —1 — 1 T . 1 [T . S
0f = —giysings, &€= [ cbat=— [ (©at= (&P
Our equation then is
do = — (w2 sin ¢g + (2§l)22 sin 2(;50) = _aio (—w2 coS ¢y — f;; cos 2¢0)

So we have a motion in the effective potential field

Uepr = —w? cos ¢y — @ cos 2¢y
412
The equilibrium positions are given by
(6)2 ()2
ggozw%inqﬁoJr(le)QsianbO:O, sin ¢g (w2+<§2>cos¢o> =0

We see, that if % < 1, a pair of new solutions appears.
The stability is defined by the sign of
9°U (€2

% = w? cos ¢ + ?2 cos 2¢g
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One see, that
e ¢y = 0 is always a stable solution.
® ¢y = 7 is unstable for % > 1, but becomes stable if % < 1.

e The new solutions that appear for % < 1 are unstable.

For ¢ close to m we can introduce ¢g = 7 + ¢
1_ 2 @ 7
¢=—w (W - 1) ¢

We see, that for % > 1, the oscillations in the upper point have the frequency

~2 2 @
W =w <l2w2_1>

Remember, that above calculation is correct if €2 of the £ is much larger than w. If £ is

oscillating with the frequency €2, then we can estimate (£)? &~ Q2¢2, where & is the amplitude

of the motion. Then the interesting regime ( (£)2/%w? ~ 1) is at
l2
O ~ w2—2 > w?
&o

So the interesting regime is well withing the applicability of the employed approximations.






LECTURE 11

Oscillations with parameters depending on time.
Kapitza pendulum. Horizontal case.

Let’s consider a shaken pendulum without the gravitation force acting on it. The fast

—

shaking is given by a fast time dependent vector (). This vector defines a direction in space.
I will call this direction 2, so £(¢) = 2£(t).

The amplitude ¢ is small £ < [, where [ is the length of the pendulum, but the shaking
is very fast {2 > w, the frequency of the pendulum motion (without gravity it is not well
defined, but we will keep in mind that we are going to include gravity later.)

Let’s now use a non inertial frame of reference connected to the point of attachment of the
pendulum. In this frame of reference there is a artificial force which acts on the pendulum.
This force is

f = —Ema.
If the pendulum makes an angle ¢ with respect to the axis Z, then the torque of the force f
is 7 =7 x f, its magnitude 7 = [f sin ¢ — the positive direction is defined by the positive

direction of the angle. So the equation of motion

£
l
Now we split the angle onto slow motion described by ¢y — a slow function of time, and

fast motion 6(t) a fast oscillating function of time such that 6 = 0.
We then have

mi%d = Imé sin ¢, b=

sin ¢

Go+ = §sm<¢o+e>

Notice the non linearity of the RHS.
As 0 < ¢g, we can use the Taylor expansion

(11.1) Oo+ 6 = ?sin(qﬁg) + gl cos(¢o)
Double derivatives of # and & are very large, so in the zeroth order we can write

6 = ?sin(qﬁg), 0= gsin(qﬁo).
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Figure 1. I%Kapltza vy
pendulum. (
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Now averaging the equation (11.1) in the way described in the previous lecture we get

éo = éfcos(%) g sin(¢o) cos(¢o)
P )
Oy = glecos((bg) = —?2 sin(¢g) cos(¢y)

What is happening is illustrated on the figure. If & is posi-
tive, then £ is negative, so the torque is negative and is larger,
because the angle ¢ = ¢y + 0 is larger. So the net torque is
negative!

11.0.1. Vertical.

Now we can get the result from the previous lecture. We just
need to add the gravitational term —w? sin ¢.

&2

5 sin(co) cos(do).

So we have a motion in the effective potential field

(€2
412
The equilibrium positions are given by

o = —w’sin gy —

Uepr = —w? cos ¢y — cos 2¢y

— = w?sin gy + = ) sin 2¢g9 = 0, sin ¢ (w —i—(g)Qcos%) =0

Opo 202 2

We see, that 1f - < 1, a pair of new solutions appears.

The stability is defined by the sign of

2 (£)2
8—U = w? cos ¢ + (2

2
902 cos 2¢y

One see, that

e ¢y =0 is always a stable Solutlon
® ¢y = 7 is unstable for £= (g) > 1, but becomes stable if % < 1.

e The new solutions that appear for £= (£) ® < 1 are unstable.

For ¢ close to m we can introduce ¢o = 7 + ¢

7 2 @
¢=-w (l?w?_ )¢

We see, that for ©° > 1 the frequency of the oscillations in the upper point have the
frequency

~2 2 @
w=w (W_l)



LECTURE 11. OSCILLATIONS WITH PARAMETERS DEPENDING ON TIME. KAPITZA PENDULUM. HORIZON

Remember, that above calculation is correct if €2 of the £ is much larger then w. If € is
oscillating with the frequency €2, then we can estimate (£)2 &~ Q2¢2, where & is the amplitude
of the motion. Then the interesting regime is at

l2
02 > W= > W
£2

So the interesting regime is well withing the applicability of the employed approximations.

11.0.2. Horizontal.

If ¢ is horizontal, the it is convenient to redefine the angle ¢9 — 7/2 + ¢, then the shake
contribution changes sign and we get

(@7

el cos 2¢yg

Uepp = —w® cos ¢y +

The equilibrium position is found by

U, . (£)?
8¢£f = sin ¢ (w2 — (p)cosqﬁo) .

Let’s write U.ss for small angles, then (dropping the constant.)

2 52 2 N2

2 (&2 2
Ueps & % (1 ) ) %0 + %¢3~

If & ~ 1, then

w3212

w?2[?

e Spontaneous symmetry braking.






LECTURE 12

Oscillations with parameters depending on time.
Foucault pendulum.

The opposite situation, when the change of parameters is very slow — adiabatic approxi-
mation.
In rotation

1

=0 x

=

a radius-vector is

— 3

In our local system of coordinate (not inertial
7= 1€ + Ye,.
So
P =26, + §€, + 10 X & + Y x &,
I chose the system of coordinate such that e, | Q). Then
7 = * + 9 + y* Q% cos® O + Q%2 + 2Q(xy — yi) cos O
For a pendulum we have

xr=Ilpcosy, y=Ipsiny
SO
jj2 +y2 _ l2q'52 + l2¢277/‘)2
wy — yi = o™
and
v? = 122 + 12¢%)? + 2Q12 % cos 0 + Q212¢% (cos® b + sin® 1) cos? )
The Lagrangian then is (the gravitation potential energy is mgl(1 — cos ¢) ~ %mgqu)2 =
sml*w?¢?, where w? = g/l)

mu? mu?

1
L= o + mglcos ¢ = 5 Eml2w2q52

e In fact it is not exact as the centripetal force is missing. However, this force is of the
order of Q% and we will see, that the terms of that order can be ignored.
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and the Lagrangian equations (w? = g/I)
b = —w?¢ + b? + 2Q¢) cos b + Q?¢(sin® ¢ cos? 0 4 cos? )
. . . 1
201) + $*1) + 209 cos § = —§QQ¢2 sin 2¢) sin” 6
We will see, that ¢ ~ Q. Then neglecting all terms of the order of Q2% we find
6=
¥ =—Qcosh
The total change of the angle 1 for the period is
A = QT cos = 27 cosb.

e Geometrical meaning.



LECTURE 13

Oscillations with parameters depending on time.
Foucault pendulum. General case.

13.1. Physics Festival.

Kapitza pendulum
Non-newtonian fluid
Fire Piston
Pendulum Cart
Chaldni plate

We want to move a pendulum around the world along some
closed trajectory. The question is what angle the plane of os-
cillations will turn after we return back to the original point?

We assume that the earth is not rotating.

We assume that we are moving the pendulum slowly.

First of all we need to decide on the system of coordinates.
For our the simple case we can do it in the following way.

(a) We choose a global unit vector 2. The only requirement
is that the z line does not intersect our trajectory.

(b) After that we can introduce the angles 6 and ¢ in the
usual way. (strictly speaking in order to introduce ¢
we also need to introduce a global vector &, thus intro-
ducing a full global system of coordinates.)

(¢) In each point on the sphere we introduce it’s own sys-
tem/vectors of coordinates é4, €y, and 7, where 7 is
along the radius-vector ﬁ, €4 is orthogonal to both 7
and £, and ég = o X €4 .

We then have

A2 A2 ﬁQ — 1’

69:€¢: é9é¢:égﬁ:é¢ﬁ:0

Let’s look how the coordinate vectors change when we change a point where we siting.
So let as change our position by a small vector di. The coordinate vectors then change by

41
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€9 — €9 + dég, etc. Where déy, dé,, and dn will be proportional to d”. We then see that

Go-deg=by-déy=n-d =0, & -dés+dég-éy=Eg-di+dég-n =2y di+déy-n =0,
or

dég = aé¢ —|— bﬁ

déy = —aég + ci
(13.1) dn = —béy — céy
Where coefficients a, b, and ¢ are linear in dr.
Let’s now assume, that our dr’is along the vector é4. Then it is clear, that dit = (di.%é¢)é\¢,
and dép = — 56,

If dr is along the vector éy, then dé, = 0, and dn = (d
Collecting it all together we have

dey = — (dr - e¢) (dr - Gg)ﬁ

Rtan@ B R
. (dr- %) (dr-éy)
dés = Rtan9 R "
. (dr-éy) . (dr-éy) .
dn = T + 7 ¢ €

Notice, that these are purely geometrical formulas.

There is more algebraic way to find the coefficients a, b, and ¢. Consider a vector 77 = Rn.
We have di" = Rdi+ndR. Using the last of the equations (13.1) we get di" = —Rbéy — Rcé s+
fdR. Multiplying this equation by é; and by é4 we will find the previous results for b and
c. Now we notice, that our definition of é4 is such, that £-é4 = 0, so 2 - déy = 0. Using the
second of the equations (13.1) we find —aZ-ég+cZ-n=0. As 2-7 = cosf, and Z-éy = siné,
we find ¢ = a/ tan6.

Now let’s consider a pendulum. In our local system of coordinates it’s radius vector is

5: 28y + Yey = £ cosPég + Esinéy.
The velocity is then

06, . dr
5 £(cos 1hég + sin 1héy) + Eb(— sinég + cosYéy) + £(cos @/}— + sin) d%) dg
When we calculate éﬁ we only keep terms no more than first order in dr / dt
86 dr 9 6 - dr
~ 249 % 9 _ 2
& m &+ €47 + 2% = €4 07 4 2T

The potential energy does not depend on 1, so the Lagrange equation for v is simply

%% = 0. Moreover, as ¢ is fast when we take the derivative 2 % we differentiate only {. Then
Ey - dr
4 —
S

SO

b 1 Rsinfd¢ dqzﬁ

= — = — CO
Rtan6  dt dt

Finally,

dip = — cos0do.



LECTURE 14

Oscillations with parameters depending on time.
Parametric resonance.

14.1. Physics Festival.

Kapitza pendulum
Non-newtonian fluid
Fire Piston
Pendulum Cart
Chaldni plate

14.2. Foucault pendulum. Last words.

Parallel transport on a sphere:

e What is parallel transport?

e What is straight line?

e Triangle is three points connected by the straight lines.

e We can draw triangle with all angles 7/2 degrees.

e Parallel transport a vector along such a triangle.

e Upon returning it will turn /2.

e The area of such a triangle is 1/8th of the area of the sphere.
e The solid angle is 47/8 = /2.

14.3. Parametric resonance. Generalities.

Now we consider a situation when the parameters of the oscillator depend on time and the
frequency of this dependence is comparable to the frequency of the oscillator. We start from
the equation

i = —w(t)z,
where w(t) is a periodic function of time. The interesting case is when w(t) is almost a
constant wy with a small correction which is periodic in time with period 7'. Then the case

which we are interested in is when 27 /7 is of the same order as wy. We are going to find the
resonance conditions. Such resonance is called “parametric resonance”.
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First we notice, that if the initial conditions are such that z(t = 0) = 0, and (¢t = 0) = 0,
then z(¢) = 0 is the solution and no resonance happens. This is very different from the case
of the usual resonance.

Let’s assume, that we found two linearly independent solutions z(t) and zo(f) of the
equation. All the solutions are just linear combinations of z(t) and zy(t).

If a function z4(¢) is a solution, then function z;(¢ + 7") must also be a solution, as T is
a period of w(t). It means, that the function z;(t + 7T') is a linear combination of functions
x1(t) and z5(t). The same is true for the function z5(t + 7'). So we have

()=o) ()

We can always choose such z1(t) and zo(t) that the matrix is diagonal. In this case
r1(t+T) = i (t), 2o(t +T) = pawa(t)

so the functions are multiplied by constants under the translation on one period. The most
general functions that have this property are

x1(t) = Mi/TX1 (t), o(t) = /vLQ/TX2(t>>
where X (t), and X5(t) are periodic functions of time.
The numbers p; and pe cannot be arbitrary. The functions z; and x5 satisfy the Wron-
skian equation
W (t) = @129 — owq = const
So on one hand W (t +T') = uyuaW (t), on the other hand W (¢) must be constant. So

pape = 1.
Now, if 27 is a solution so must be xj. It means that either both p; and ps are real, or
w1i = po. In the later case we have |ui| = |u2] = 1 and no resonance happens. In the former

case we have po = 1/p; (either both are positive, or both are negative). Then we have
wi(t) = p"TX (1), wa(t) = T X (8).

We see, that one of the solutions is unstable, it increases exponentially with time. This
means, that a small initial deviation from the equilibrium will exponentially grow with time.
This is the parametric resonance.

14.4. Resonance.

Let’s now consider the following dependence of w on time
peo w? = wi(1 + hcoswyt)
where h < 1.

e The most interesting case is when w, ~ 2wy. Explain.

So I will take w, = 2wy + €, where € < wy. The equation of
L motion is

&+ wix[1 + hcos(2wp + €)t] =0

2/

Figure 1
(Mathieu’s equation)
We seek the solution in the form

x = a(t) cos(wy + €/2)t + b(t) sin(wy + €/2)t
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and retain only the terms first order in € assuming that @ ~ ea and b ~ eb. We then substitute
this solution into the equation use the identity

cos(wy + €/2)t cos(2wy + €)t = ;COS 3(wo +€/2)t + ;cos(wg +¢/2)t
and neglect the terms with frequency ~ 3wy as they are off the resonance. The result is
—wp(2a + be + ;hUJQb) sin(w 4 €/2)t + wo(2b — ae + ;hwoa) cos(w+€/2)t =0
So we have a pair of equations

1
2a + be + thOb: 0

. 1
2b — ae + §hw0a =0
We look for the solution in the form a,b ~ ag, bye®?, then
1 1
28(1,0 + boE + thObO = 0, 28b0 — Qo€ + 5]1&)0@0 = 0.
The compatibility condition gives
2 = ! (hwo/2)* — €| .
S

Notice, that e® is what we called p before. The condition for the resonance is that s is
real. It means that the resonance happens for

1 1
—§hUJO <e< 5h0d()

e The range of frequencies for the resonance depends on the amplitude h.

e The amplification s, also depends on the amplitude h.

e In case of dissipation the solution acquires a decaying factor e™*, so s should be
substituted by s — A. Then in order for the instability to occur we must have s > A
so the range of instability is given by 1 [(hwo/2)? — €?] > A%

At

—/(hwo/2)? — 402 < € < \/(hwo/2)? — 4N?

e At finite dissipation the parametric resonance requires finite amplitude h = 4\ /wy.
e Other resonances occur wy/w, = n/2.
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LECTURE 15

Oscillations of an infinite series of springs. Oscillations
of a rope. Phonons.

15.1. Physics Festival.

Kapitza pendulum
Non-newtonian fluid
Fire Piston
Pendulum Cart
Chaldni plate

15.2. Series of springs.

Consider one dimension string of N masses m connected with identical springs of spring
constants k. The first and the last masses are connected by the same springs to a wall. The
question is what are the normal modes of such system?

e The difference between the infinite number of masses and finite, but large — zero
mode.

This system has N degrees of freedom, so we must find N modes. We call x; the dis-
placement of the ith mass from its equilibrium position. The Lagrangian is:

N omi?
L=> 5
i=1

15.2.1. First solution

k N+1
- ) Z (sz - $i+1)2, o =rN+1 = 0.
i=0

The matrix —(,UQ]{LL']‘ + Uiy is

—mw? + 2k —k 0 .
—k —mw? + 2k —k 0
ki g = 0 —k —mw? + 2k —k

This is N x N matrix. Let’s call its determinant Dy. We then see
Dy = (—mw? + 2k)Dn_1 — k* Dy _o, Dy = —mw? + 2k, Dy = (—mw? + 2k)? — k2
47
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This is a linear difference equation with constant coefficients. The solution should be of the
form Dy = a”. Then we have

—mw? + 2k + i\/mw2(4k — mw?)
5 :

a® = (—mw® + 2k)a — k?, a=
So the general solution and initial conditions are
Dy =Ad""'+ A", A+ A=-mw*+2k,  Aa+ Aa= (—mw®+2k)* — k.

The solution is A = -“-. Now in order to find the normal frequencies we need to solve the

a—a’
following equation for w.
2 ) N+1
a a a
Dy = o N1, or (_) 1
a—a a—a a
We now say that a = ke, (|a|> = k?) where cos ¢ = =2 then

HOINFD — 1, 20(N + 1) = 27n, where n=1...N.

So we have

™ —mw? — 2k

2 .o TN
pu— pu pu— 47 —_—
cos ¢ COSN+1 o , w;, —sin 3N +1)
15.2.2. Second solution.
From the Lagrangian we find the equations of motion
. k
Xy = _E(ZT] — Tj41 — ZL‘j_l), o = TN+1 = 0.

We look for the solution in the form
x; = sin(f7) sin(wt), sin B(N + 1) = 0.

Substituting this guess into the equation we get

k
—w?sin(B]) = - (2sin(By) —sinfB(j +1) —sin (5 — 1))
_ kg (2617 — (iHD3 _ (i) LENEE (26— i) = B et (o912 _ g-i912)’
m m m

__Eoij3'2 __ﬁ-- .9
= 4m\$e sin“(8/2) = 4msm(]6)sm (B/2).
So we have
k
2 _ .2
w —4msm (8/2),

but 8 must be such that sin (N +1) = 0, so 3 = 375, and we have

k
w2:4—sin2L, n=1,...,N
m 2(N+1)
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15.3. A rope.

The potential energy of a (2D) rope of shape y(x) is T [ \/1 + y?dz ~ %fOL y*dz. The
kinetic energy is fOL £y*dzx, so the Lagrangian is

L= [ (57 - g7)dr. u0)=y(E)=0.

In order to find the normal modes we need to decide on the coordinates in our space of
functions y(z,t). We will use a standard Fourier basis sin kz and write any function as

y(z,t) = Ay(t) sin kz, sinkL =0
k

The constants A (t) are the coordinates in the Fourier basis. We then have

L p T
L=23 (24— k2A2)
2 Zk: (2 Boogn Tk
We see, that it is just a set of decoupled harmonic oscillators and k just enumerates them.

The normal frequencies are

T T
w,z = —k? w = 4|—k.
p P
e We also see, that the wavelength A = 27/k. So using w = 27f we find that \f =

\/T/p. So the speed of these waves is
@ =T/p.






LECTURE 16

Motion of a rigid body. Kinematics. Kinetic energy.
Momentum. Tensor of inertia.

16.1. Kinematics.

We will use two different system of coordinates XY Z — fixed,
AZ or external inertial system of coordinates, and xyz the moving,
or internal system of coordinates which is attached to the body
itself and moves with it.

Let’s R be radius vector of the center of mass O of a body
with respect to the external frame of reference, 7 be the radius
vector of any point P of the body with respect to the center of
mass O, and p the radius vector of the point P with respect to
the external frame of reference: p = E-+7. For any infinitesimal
displacement dp of the point P we have

dp = dR + dF = dR + d¢ x 7
Or dividing by dt we find the velocity of the point P as

Figure 1 L. a6 . dR - do
o ~ S p ¢
=V+Q = — =—, Q=—.

* U dt’ dt

e Notice, that ¢ is not a vector, while dgg is.

In the previous calculation the fact that O is a center of mass has not been used, so for any
point O" with a radius vector R = R + @ we find the radius vector of the point P to be
7 =7 —d, and we must have 7=V"+Q x . Now substituting 7= 7 4+ da into v = V4+QOx7

we get U = V+Qxd+0Qx. Sowe conclude that
Vi =V+Qxa Q=0
The last equation shows, that the vector of angular velocity is the same and does not depend
on the particular moving system of coordinates. So €2 can be called the angular velocity of
the body.
If at some instant the vectors V and {2 are perpendicular for some choice of O, then they
will be perpendicular for any other O": Q-V = Q-V’. Then it is possible to solve the equation
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for @
V+Qxad=0.
These are three inhomogeneous linear equations for the components of the vector a.

If we take the dot product of the above equation with Q, we find that Q -V = 0, this is
the requirement that the above equation has a solution (rhs must be orthogonal to the zero
modes).

If we multiply the above equation by 1% “vectorly” we find

0=0(V @) —alVv- Q) =QV-a),
so V-@=0. So the vector @ must have the form
i=aQxV+ BQ.
Finally, substituting this form of @ into the main equation we get
0= +afhx [ x V] + 50 x G = 7 4 afi(@- V) — oV = 7 (1 - a2’

So we have a€? = 1 and 3 can be any number.

@=—03
So in this case there exist a point/axis (it may be outside of the body) with respect to which
the whole motion is just a rotation. This line which is parallel to €2 is called “instantaneous
axis of rotation”. (In the general case (when € -V # 0) the instantaneous axis can be made

parallel to 17)
e In general both the magnitude and the direction of Q are changing with time, so is
the “instantaneous axis of rotation”.
e If one finds two points which have zero velocity at this instant, then the instantaneous
axis of rotation is the straight line through these two points.
e Examples.

16.2. Kinetic energy.

The total kinetic energy of a body is the sum of the kinetic energies of its parts. Lets take
the origin of the moving system of coordinates to be in the center of mass. Then

Kzézmoﬂ)i:;Zma(v—FﬁXFa)z:;ZmaV2+ZmQV'QXFa+;Zma {QXFQ}2

Mv: L L 1 -
= AV O Y mafa 5 Yoma [ x 7]
For the center of mass > m,7r, = 0 and we have
MV? 1 =5 o = MV? L0
K== +§Zma(97«a—(g.7~a>): —+

where
]ij = Zma (51‘]‘772 — Tza’f’é) .
I;; is the tensor of inertia. This tensor is symmetric and positive definite.
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16.3. Angular momentum

The origin is at the center of mass. So we have
M =" maf X i = (Y mafa) x V43 maita x (G x %) = > ma (120 — 7a(7 - )
Writing this in components we have
Mi = Zma ((51']'7_’2 — TQTZY) Qj

or A

Mi = ]ijQ]-

e In general the direction of angular momentum M and the direction of the angular
velocity €2 do not coincide.

16.4. Tensor of inertia.

Tensor of inertia is a symmetric tensor of rank two. As any such tensor it can be re-
duced to a diagonal form by an appropriate choice of the moving axes. Such axes are
called the principal axes of inertia. The diagonal components I;, I, and I3 are called the
principal moments of inertia.
e Notice, that these axes are “attached” to the body and thus rotate with the body.
In this axes the kinetic energy is simply
[10% IQQ% [39%
2 + 2 * 2
(a) If all three principal moments of inertia are different, then the body is called “asym-
metrical top”.
(b) If two of the moments coincide and the third is different, then it is called “symmetrical
top”.
(c) If all three coincide, then it is “spherical top”.

K =

For any plane figure if z is perpendicular to the plane, then I = Y myy2, I, = Y. my22,
and I3 = S mg (22 + y2) = I + [,. If symmetry demands that I; = I, then %Ig = 1.
Example: a disk, a square.

If the body is a line, then (if z is along the line) Iy = Iy, and I3 = 0. Such system is
called “rotator”.






LECTURE 17

Motion of a rigid body. Rotation of a symmetric top.
Euler angles.

Kinematics:

e Spherical top.
e Arbitrary top rotating around one of its principal axes.
e Symmetric top.

Consider a free rotation of a symmetric top I, = I, # I,
where x, y, and z are the principal axes. The direction of the
angular momentum does not coincide with the direction of any
principle axes. Let’s say, that the angle between M and the
moving axes z at some instant is §. We chose as the axis y the
one that is in plane with the two vectors M and 2.

During the motion the total angular momentum is con-
served.

The whole motion can be thought as two rotations one the
rotation of the body around the axes z and the other, called
precession, is the rotation of the axis z around the direction of
Figure 1 the vector M — we call its direction Z = M /| M]|.

We can think of vector € in two different ways

(17.1) Q =20, + 99,
(17.2) Q= ﬁ@m + 20,
and angular momentum

(17.3) M = Q1,9+ Q.12

Multiplying (17.3) by 2 (at this instant of time) we get

MM
_]Z_IZCOS .

55
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In order to find the angular velocity of precession we multiply (17.2) and (17.3) by § and
get

- .
v and M =19,

or substituting 7 - M from the second equation into the first

Q, = ]I\ZQyQpr.

This equation has two solutions {2, = 0 — which corresponds to M | 2, orif Q, #0

0y = L.

pr
Iy

17.1. Euler’s angles

The total rotation of a rigid body is described by three angles. There are different ways to
parametrize rotations. Here we consider what is called Euler’s angles.

The fixed coordinates are XY Z, the moving coordinates zyz. The plane xy intersects
the plane XY along the line ON called the line of nodes.

The angle 6 is the angle between the Z and z axes.

Z The angle ¢ is the angle between the X axes and the
line of nodes, and the angle v is the angle between
" “u‘: the z axes and the line of nodes.
: Initially the axes XY Z and xyz coincide. Let’s
denote Oé(a) a rotation around a unit vector & on the
angle . Then in order to get the orientation on the
picture we need to perform three separate rotations

N O:(¥) © 04(¢) © O (6)
X N The angle 0 is from 0 to m, the ¢ and 1) angles are
from 0 to 2.

S I need to find the components of the angular veloc-

Figure 2 ity Q) in the moving frame in terms of time derivative
of the angles 6, ¢, and .

(a) The vector 0 is along the line of nodes, so its components along x, y, and z are

0, = 0 cos v
éy = —fsinv
0. =0

(b) The vector é is along the Z direction, so its component along 2, #, and ¢ are (we
start from Z for convenience)

qﬁz = Q‘5COSQ
by = ¢psinhsin
gz'ﬁy = ¢sin 6 cos
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(¢) The vector ¢ is along the z direction, so its component along 2, #, and § are (we
start from Z for convenience)

&z = @b
(17.4) Y, =0

We now collect all angular velocities along each axis as Q, = 0, + ¢, + ¥, etc. and find
O, = B costp + ¢sinfsiny
Q, = —0sin ) + ¢sinf cos
Q. = dcosh+ v

These equations allow us:

e if we know the principal moments of inertia, to express the kinetic energy K =
5102 + 51,00 + S 1.Q2 in terms of the derivative of the coordinates and coordinates
0, ¢, and . Or

o first solve problem in the moving system of coordinates, find €2, €2,, and €2, and
then calculate 0, ¢, and .

17.2. Symmetric top again.

Consider the symmetric top again I, = I,. We take Z to be the direction of the angular
momentum. We can take the axis x coincide with the line of nodes. Then ¢ = 0 (but ¢ # 0!),
and we have

Q, =0
Q, = Hsin b
O, = dcosf +

The components of the angular momentum are
M, = 1,9, = I,
M, =1,Q, = I,psinf

M, =19,
On the other hand
M, =0
M, = M sin 6
M, = M cos b

Comparing those we find

0=0, Q,=¢=






LECTURE 18
Symmetric top in gravitational field.

18.1. The Lagrangian.

The angles are unconstrained and change 0 < 6 <7, 0 < ¥, ¢ < 27.
We want to consider the motion of the symmetric top (I, = I,) whose lowest point is
fixed. We call this point O. The line ON is the line of nodes.

e Line of nodes is an intersection between XY and xy planes.

The Euler angles 6, ¢, and v fully describe the orientation of the top.

Instead of defining the tensor of inertia with respect to the center of mass, we will define
it with respect to the point O. The principal axes with trough this point are parallel to the
ones through the center of mass. The principal moment I, does not change under such shift,

v 9 7

Figure 1

59



60 SPRING 2019, ARTEM G. ABANOV, ADVANCED MECHANICS II. PHYS 303

the principal moment with respect to the axes x and y become by I = I, + ml?, where [ is
the distance from the point O to the center of mass.

Q. = 0cos) + psinfsiny
Q, = —fsine + ¢sin f cos

Q. = dcosh+ v
The kinetic energy of the symmetric top is
L e o L, ; o Lo 0o
K = QQZ+2 (Qx+Qy> = 2(w+¢c089) +2(9 + ¢ sin” 0)

The potential energy is simply mgl cos 6, so the Lagrangian is

L= ]2'2(¢ + ¢cosh)? + 5(92 + ¢?sin? §) — mygl cos 6.

18.2. The solution.

We see that the Lagrangian does not depend on ¢ and @ — this is only correct for the

symmetric top. The corresponding momenta M, = % and M; = gTL/; are conserved.

My = L (¢) + ¢ cosh), My = (Isin®6 + I, cos® 0)¢ + .4 cosb.
The energy is also conserved
L, . . I . .
E = Ew + ¢pcosh)? + 5(92 + ¢?sin? @) + mgl cos 6.

The values of Mz, M3, and E are given by the initial conditions.

So we have three unknown functions 6(t), ¢(t), and 1(t) and three conserved quantities.
The conservation laws then completely determine the whole motion.

From equations for M, and M3 we have

q'b— Mz — M;5cosf
N Isin? 0

. Ms My — Mscosf
= — — 0

¥ I o8 Isin? 0

We then substitute the values of the ¢ and v into the expression for the energy and find

1 .
E = 5192 + Uep1(0),

where
Pep- g )= M MO0 coso)
A S T o sin? 6 Mgt — cosb).

This is an equation of motion for a 1D motion, so we get

I df
' \/g/ VE — Uer(0)

This is an elliptic integral.
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The effective potential energy goes to infinity when 6 — 0, 7. The function 6 oscillates

between 6,,,;, and 0,4, which are the solutions of the equation E’ = U.sf(). These oscilla-
tions are called nutations. As ¢ = %‘3;‘” the motion depends on whether Mz — Mj3 cos 6

changes sign in between 6,,;, and 0,,,;.

18.3. Stability.

We can find a condition for the stable rotation about the Z axes. For such rotation M3 =
Mz = M, so the effective potential energy is

M?sin?(6/2) . M 1 N

where the last is correct for small §. We see, that the rotation is stable if M? > 4Imgl, or,
as M = 1,00,

Uepr =

4Imgl
2
QF > 2







LECTURE 19
Rolling coin. An example of the rigid body dynamics.

In this lecture we consider the dynamics of the follow-
7 ing object:
>

o

A uniform thin disc (a coin) of mass M and radius
R rolls without slipping on a horizontal plane. The
disc makes an angle o with the plane, the center of

>

Y the disc C moves around the horizontal circle with a
constant speed v. The axis of symmetry of the disc
CO intersects the horizontal plane in the point O.

The point O is stationary.
e Intuitively clear, that this problem is overde-

termined. We want to see why.
First, some geometrical facts
Figure 1
R , , sin? a , ,
|OC| = Rtan «, |OA| = : |0C’'| = |OC|sina = R : |CC’| = Rsina.
COS & COS (v

This is a symmetric top, so we can chose the internal x and y axes anywhere in the plane
orthogonal to the internal z axis.

We chose the internal system of coordinates xyz as shown on the figure. In this system
the principal moments of inertia are

1 1 1
L= MR, 1= I, = (MR + MOCF = MR (§ + tan’ )

19.1. Kinematics.

Simple way. According to the problem statement the points O and A are stationary at this
moment. So the are on the instantaneous axis of rotation. It means that the vector 1 is
along this axis.

The point C' has a velocity v. For any point 77 of a rotating body the velocity is v = Q2 x 7.
So we see, that v = Q|CC’|, or

in 1

" Rsina’
So we know both the direction and the magnitude of the vector Q.
63
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In the internal system of coordinates xyz we then have
v v COS (v
Q, =—Qsina=——, Q,=Qcosag = ——.
R Y R sina
Euler angles. We can find the same result from the Euler angles. As this is symmetric top,
we can set ¢ = 0, but we need to know 6, 0, ¢, and 1. According to the figure the Euler

angle 0 = a, so § = 0. As the velocity of the point C' is v, we can write d)\OC’] =, SO
(]'5 _

UV COS

Rsina’

The Euler ¢ must be found from non-slipping condition. This condition means that the
velocity of the point A is zero. So we can write ¢|OA| + R = 0. So

. d) v 1

’lp = — = ——

coS v Rsin?a’

(the — sign is important here!)
Now we use our relations:

Q, =0cosy) + ¢sinfsiny = 0

. . v COS v
1, = —0siny + ¢sint cosy = -
R sina
] i v cos? v 1 v
QZ:¢C080+¢:§Sin2a_EsinQDé: _E
These are exactly the results we got earlier.
19.2. Dynamics.
The main dynamic equations are % = 7and F = M@ Let’s start with the angular

momentum.
In the internal system of coordinates the angular momentum at this moment is

M = L2 + 1,7
This is a vector of constant magnitude which rotates around the 7 axis with angular velocity
¢. So we write
M =¢Z x M.
We compute the RHS at this moment of time
M = ¢Z x (L2 + I,Q,0) = 26 (—1,Q, cos o + L., sin )

Using our kinematic relations we get

v? cosa

R? sin® o

There are three forces that act on the coin: the gravity Mg applied to the point C,
pointing down; the normal force N applied to the point A and pointing up; and the friction
force F applied to the point A and pointing towards point O. As the center of mass does not
move in the Z direction, the normal force and the gravity must compensate each other, so
N = Mg (N is up). We want to compute the total torque with respect to point O acting on
the coin. The torque of a force F applied at point 7is 7 = 17X F'. So the torque of the friction

M = — (IZ sin® o + I, cos? a) z.
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force is zero. The torque of the gravity is 7, = ~0C x MgZ = z|OC"|Mg = :%RMQ%.
The torque of the normal force is 7y = —Mg|OA|Z. So the total torque is

2
T=RMg (

sin” o 1
Notice, that this result would be much easier to obtain if we simply computed the torques
with respect to point A, but this is not a trivial statement, as point A is not inertial.
Thus we have

COS &« COS &«

) T =—MgRcosax.

2

v” CoS . 2\
st o (IZ sin” o + I, cos a) = MgRcos«
Substituting here the values of I, and I, we get
1v? cosa 5
1Rsda (1 + 5sin a) = g cos Q.

e Notice, that « = 7/2 (or cosa = 0) is a solution for any v and R — as expected.

For cosa # 0 we get
1 2
Z% (1 + 5sin? a) = gsin® a.
e So v, R, and «a cannot be arbitrary!!!

19.3. Friction force.

The center of mass of the coin moves around the circle of radius |OC’| with velocity v, so its
. The force that provides this acceleration is the friction force,

v2 % cosa

acceleration is 0 = Tata

SO )
0s
F=MZ22
R sin” «
However, this force cannot be larger than uN = puMg, so we have
2

- V¥ COS (v
[y > ——5—.
R sin?

: : v2 _ 4sinda
Using the previous result Tg = Trssnta We get
4 cos o sin « -
P — 2
14 5sin? «

19.4. Lagrangian dynamics.

In order to study the full Lagrangian dynamics of the coin we first must assume, that the non-
slipping condition is valid at all times — otherwise we will have dissipation and the Lagrangian
method would not work. Second we should not assume that the angle « is constant in time,
so the kinetic energy term will have c.

But there is more subtle issue. Our coordinate are «, ¢, ¥, X, and Y, where X and YV
are the position of the coin center of mass (its Z coordinate is R cos & — not an independent
variable.) The Lagrangian will not explicitly depend on X and Y, it only depends on the
velocity v2. However, the velocity is also not independent and is given by ¢. So there are
only three variables — the Euler angles.






LECTURE 20

Motion of a rigid body. Euler equations. Stability of
asymmetric top.

20.1. Euler equations.

Let’s write the vector M in the following form

—

M = L2 + 1,09 + L2

I want to use the fact that the angular momentum is conserved M = 0. In order to
differentiate the above equation I need to use & = €2 x & etc, then
0= M = L, + L, 5 + L5+ LG x & + 1,0,0 x § + L0, x 2.
Multiplying the above equation by z, will find
0= 10 +1,0,Q[§ x 2] + LA [2 x 2],
or ‘
L, = (I, — 1,)Q,4,.
Analogously for ¢ and 2, and we get the Euler equations:
L, = (I, — 1),0,
1,9, = (I, - 1,)Q.Q,
L.Q, = (1, — 1,)Q,Q,
One can immediately see, that the energy is conserved.
For a symmetric top I, = I, we find that {2, = const., then denoting w = QZ% we get
Qm = —wll,
Q, = wl,
The solution is
Q, = Acosuwt, Q, = Asinwt.

So the vector () rotates around the z axis with the frequency w. So does the vector M — this
is the picture in the moving frame of reference. It is the same as the one before.
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Let’s check it. Using Euler angles we can write with respect to some external system of
coordinates.

Q, = O cost) + psinfsiny = Acoswt
Q, = —0sint + ¢sinf cos ) = Asinwt
Q. =deosh+1=Q,

Multiplying the first equation by cos ), the second by sin ¢ and subtracting one from another
we get

0 = Acos(¢ + wt).

The external system is not well defined and we have a freedom to chose one which is the
most convenient. So let’s chose the one where § = (0. Such system does not necessarily exist,
so we must check that this guess is consistent with the rest of full set of equations.

The requirement 6 = 0 means

Y =7/2 — wt.
The first two equations then give the same relation
dsinh = A

and the third one gives

- 1
pcosh =, +w=10,—",
I
so we see, that from these two equations tanf = g‘?]f is indeed a constant, so § = 0 is

consistent. Moreover, as A = |/Q2 + Q2 = 0, we see, that tan = L — My gg it should

1.Q M.
be, because M is constant.
We also see, that

Q01 M, 1 M
Q r = = ZTE = Z = —
P ¢ cos@1, cosblI, I,

20.2. Stability of the free rotation of a asymmetric top.
e Different meaning of stability. Static stability and dynamic stability.
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X

z
y

Conservation of energy and the magnitude of the total angular momentum read
9?2 Inyj LO?
+ + =
2 2 2
22 + 202 + 1207 = M?
In terms of the components of the angular momentum these equations read
M?  M? M2
—* 4 A + 2 =F
2, 21, 21,
M2+ M7+ M2 = M?

The first equation describes an ellipsoid with the semiaxes /21 F, \/2I,E, and /2L F.
The second equation describes a sphere of a radius M. The initial conditions give us £ and
M, the true solution must satisfy the conservation lows at all times. So the vector M will lie
on the lines of intersection of the ellipsoid, and sphere. Notice, how different these lines are.

E






LECTURE 21
Statics.

Ny Ny

Static conditions:

e Sum of all forces is zero. F,=0.
e Sum of all torques is zero: > 7; x F; = 0.

If the sum of all forces is zero, then the torque condition is independent of where the
coordinate origin is.

SN(F+ad)x E=FxF+ax> F
Examples

e A bar on two supports.

e A ladder in a corner.

e A block with two legs moving on the floor with p; and ps coefficients of friction.
o A brake.

A problem for students in class:
e A bar on three supports.
Elastic deformations:

e Continuous media. Scales.
e Small, only linear terms.
e No nonelastic effects.

e Static.

e [sothermal.

Definition of derivatives.

71






LECTURE 22
Strain and Stress.

22.1. Einstein notations

e Einstein notations. Divergence etc.

22.2. Strain

Let the unstrained lattice be given positions z; and the strained lattice be given positions

x;, = x; + u;. The distance dl between two points in the unstrained lattice is given by

dI* = dz?. The distance dI”? between two points in the strained lattice is given by

dl? = do? = (dx; + du;)? = da? + 2dwdu; + du?

ou; ou; Ou;
=di* +2=—dux;d L dx.d
+ Dy T;dT + 8xj Dy xdxy,

(22.1) = dI* 4 2updx;dzy,
where

1 (0u; Our Ou Oy
22.2 i = — —
( ) Uik 2 ((hk + ox; * 0x; Oy,

Normally we will take only the case of small strains and consider only linear approximation.
Small strains do not mean, that @ is small, but it does mean that the derivatives du;/0z; are
small. Then we can use

1 /(0u; Ouyg
22. LR = )
(22.3) Uik = 5 ((%k + 81’1-)

In the linear approximation we can also write

This can be checked by using the above to compute dl’* and see, that the result coincides
with (22.1) in the linear approximation.
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We can diagonalize the real symmetric u;,, and get orthogonal basis set. In that local
frame (1,2, 3) have dz| = dz1(1 4 uy1), etc. Hence the new volume is given by

dV' = dx|dzydxly = drydradrs(1 + ugy + ugg + uss)
where the trace u;; is invariant to the coordinate system used. Hence the fractional change
in the volume is given by
d(dV)
av

We also see, that in the linear approximation

dui = diL‘; — dl’l = uijdxj,

or u; = [pu;;dz;.

22.3. Stress

The forces are considered to be short range.
Consider a volume V that is acted on by internal stresses. The force on it due to the
internal stresses is given by

(22.6) F = /

However, because the forces are short-range it should also be possible to write them as an
integral over the surface element dS; = n;dS, where 7 is the outward normal (L&L use df;
for the surface element). Thus we expect that

a7,
_ [ Fav.
v / LAV

(22.7) Fi = /Uidej

for some o;;. Thinking of it as a set of three vectors (labeled by i) with vector index j, we
can apply Gauss’s Theorem to rewrite this as

00y
(22.8) F = / %ij gy,
al’j
so comparison of the two volume integrals gives
22.9 L=
(22.9) e

Because there are no self-forces (by Newton’s Third Law), these forces must come from
material that is outside V.

In equilibrium when only the internal stresses act we have F;, = 224 = (. If there is a

oz,
long-range force, such as gravity acting, with force FY = pg;, where p is tjhe mass density and
g; is the gravitational field, then in equilibrium F; + FY = 0. This latter case is important for
objects with relatively small elastic constant per unit mass, because then they must distort
significantly in order to support their weight.

When no surface force is applied, the stress at the surface is zero. When there is a surface

force P; per unit area, this determines the stress force o;;;, so

(22.10) P = oy,
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If the surface force is a pressure, then P, = —Pn; = 0;;7;. The only way this can be true for
any n is if

Just as the force due to the internal stresses should be written as a surface integral, so
should the torque. Each of the three torques is an antisymmetric tensor, so we consider

My = /(Fixk ~ Fua))dV = / (

_ / (3(0'@‘5%) _ Olok;zi)
Ox; Ox;
(22.12) — [ (@~ ow2)dS; — [ (0w — ow)aV.
To eliminate the volume term we require that
(22.13) Oik = Opi.

00i]~ 8akj
Ty —
8xj @l’j

— (o — Jki)>dV






LECTURE 23
Work, Stress, and Strain.

In the last lecture we introduced strain and stress tensors.
If a deformation of a body is described by a vector field #(7) — a point 7 of an unstrained
body is shifted by vector @ — then, in the linear approximation the strain tensor is given by

g = 2 8xj 833'1 .

In the linear approximation, it has the following properties

(a) u;; = uj; — this is correct for non-linear also.
(b) ij‘s‘y = wuy;, where u;; = tri.
(¢) ui = Jpui;dz;

The stress tensor o;; describes the internal elastic forces.

(a) 0ij = 0js.
(b) The force on the internal volume dV is f; = %‘Z? dv.

(¢) The force on the surface element dS is f; = 0i;dS;.
This lecture we want to find a connection between the stress and the strain tensors. We

are working in a linear and local approximation, so the connection must be linear and have
a form

u = ngklo_kl7

where D¥* is a material dependent local tensor of the fourth rank. Not all elements of this
tensor are independent especially if the material is uniform and isotropic. Moreover, the
requirement of stability of the equilibrium (when u% = 0) must lead to some inequalities
between the elements of the tensor D. As it is a tensor of the fourth rank it is very tedious
to analyze. So instead we will work around it.

23.1. Work against Internal Stresses

Let’s imagine an experiment when we want to slightly change the field @(#) while keeping
the shape of the object intact. In order to do that we have to do work against the internal
stresses. The force we need to apply to a piece of volume dV is —F;dV (where F; is the force
due to the internal stresses) So we need to do the work d R, = —F;0u;dV. The internal
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forces then do the work 6 R = F;du;dV. Hence the total work done by the internal stresses is
given by

0oij
SW = / SRAV = / Fisu,dV = / 8%5 wdV
(oi;0u;) d(du;)
23.1 _ [ Oloiou) , / 5, OL0ui)
( 3 ) axj V J a

If we transform the first integral to a surface integral, by Gauss’s Theorem, and take du; = 0
on the surface — we fix the boundary, we do not change the shape of the object, then we
eliminate the first term. If we use the symmetry of o;; and the small-amplitude form of the
strain (linear approximation), then the last term can be rewritten so that we deduce that

23.1.1. Thermodynamics

We now assume the system to be in thermodynamic equilibrium. Using the energy density
de and the entropy density s, the first law of thermodynamics gives

(23.3) de = Tds — dR = Tds + o, duy;.
Defining the free energy density Fr = ¢ —T's we have
(234) dFF = —sdTl + O'ikduki.

In the next section we consider the form of the free energy density as a function of 7" and
wig: Fr(T,u;;). Then we will use

OFr
O —
J ﬂuij
23.2. Elastic Energy
e An example with a spring (or compressed stick). F' = —kz, considering doubling of
the spring in width and then in length we find F' = —x so 5 = Ef. F/S —stress,
x/L — strain. On the other hand, from symmetry x —> x We see, that the energy
E~z?oré= k22 and then the force by the spring F' = —< = —kux.

The elastic equatlons must be linear, as this is the accuracy which we Work with. The energy
density then must be quadratic in the strain tensor. We thus need to construct a scalar out
of the strain tensor in the second order. If we assume that the body is isotropic, then the
only way to do that is:

1
e Notice, that in this approach instead of working with the tensor of the fourth rank

we are working with a scalar — free energy.

Here A and p are the only parameters (in the isotropic case). They are called Lamé coeffi-
ctents, and in particular p is called the shear modulus or modulus of rigidity. Note that
is associated with a volume change, by (22.5).

e The two terms in (23.5) are not independent, so in order to take the derivative, we
must rewrite it as independent terms.



LECTURE 23. WORK, STRESS, AND STRAIN. 79

The quantity
. 1
(23.6) Uik = Uik — §5ikujj
satisfies u;; = 0, and is said to describe a pure shear.
With this definition we have

1
(23.7) Uik, =k, + gfsikujj
_ 2 1 _ 1
Hence (23.5) becomes
1 1 1 2
(23.9) F=F+ iAu?i + pu(@3, + gu§j) =F+ iKu?i + oty (K=A+ g“)

In this form the two elastic terms are independent of one another.

e For the elastic energy to correspond to a stable system, each of them must be positive,
so K > 0and p > 0.

23.2.1. Stress

Now we have the free energy as a function of independent variables w;; and @;;. So we can
take the variation of the Free energy with respect to these independent variables.
On varying u; at fixed T" the free energy of (23.9) changes by

1

3
1
so comparison with (23.4) gives
1
(23.11) Ok = Kujjc%k + 2;1,(u2~k — g@kuﬂ)
Note that 0;; = 3Ku;;, so that
]
vy BK :

We now solve (23.11) for wu:

oir — Kujjo,

3 20
LI S O ]
2u 3 2u) 3K
i 1 1
=8 2 (1_52)
kor T gy \ Tk T 50

In the above the first term has a finite trace and the second term has zero trace.
This is the desired result:

e knowing the stress o;; we can find the strain u;;.
e knowing the strain u,;; we can find the stress o;; by (23.11).

All isotropic materials in the linear approximation are described by just two constants.






LECTURE 24
Elastic Modulus’.

Results of last lecture:

1
(24.1) Oir = Kujiop + 2pu(use — oiusj).
i 1 1
(24.2) Ui = 1]69% + @ <0ik - Bajj(sik> s

where K > 0 and p > 0.
Taking the trace of either equation we get

O' ..
This lecture is about the physical meaning of the elastic constants.
The equation of equilibrium is % = 0. Generally, we need to find a solution of this
J

equation which satisfies the boundary conditions. It is a complicated problem in general.
However, in some simple cases we can use our intuition to guess the solution, and then check
it.

24.1. Bulk Modulus and Young’s Modulus

In this part we will guess o5, check the guess, and find the corresponding deformation.

24.1.1. Hydrostatic compression.

For hydrostatic compression the force on a small tile is always perpendicular to that tile, so
the vector of force and the vector area of the tile have the exactly opposite directions. It
means that o, = —Pdyy, so (24.3) gives

P
(24.4) Ujj =~ 75 (hydrostatic compression)
We can think of this as being a du;; that gives a 0V/V, by (22.5), due to P = 0P, so
1 ouj; 10V
24.5 L 0wy 19V
(24.5) K opP VOP|,
So K is inverse isothermal compressibility S = —% (%)T as defined in thermodynamics.
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24.1.2. Uni-direction compression.

Now let there be a compressive force per unit area P along z axis for a system with normal
along z, so that 0., = —P, but o,, = o, = 0, on the surface of the stick. The stick is

in equilibrium, so 886;7 = (0. The stick is straight and uniform. The obvious solution of the
J

equation is 0, () = —P and all other components of ¢;; are zero everywhere.
We then have o; = — P, and by (24.2) uy, = 0 for ¢ # k, and

P/1 1
24.6 I

3K+u

(24.7) U, = —— =

P{1 1 P _ 9K
3 E’ 3K+

Notice, that for positive pressure (compression) u,, is always negative, as both K > 0 and
@ > 0, and hence E > 0.

The coefficient of P is called the coefficient of extension. Its inverse E is called Young’s
modulus, or the modulus of extension.

In particular a spring constant can be found by

PL L AE
= _F E= =

L
Az = / zzd = zzL =
T )y Tl E = AE L

24.1.3. Poisson’s ratio.

For the previous experiment we can define Poisson’s ratio o via
(24.8) Upy = —OUs,.

Then we find that

(24.9) o= = ==

Since K and p are positive, the maximum value for o is % and the minimum value is —1. All
materials in Nature (except some) have o > 0.

Notice, that the volume is changing by ‘Zd—&/ = uy; = U, (1 —20), so if o = 1/2 the
volume does not change — incompressible liquid. The requirements that when we compress
the volume cannot increase is the requirement that o < 1/2.

Often one uses F and o instead of K and . We leave it to the reader to show that

Eo
(24.10) A :(1 —20)(1+0)’
E
(24.11) 1% :my
(24.12) g

3(1—20)
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24.2. Twisted rod.

In this part we will guess w;;, find the corresponding o;;, check that it satisfies the equilibrium
condititon, and then find what boundary conditions are required.

Let’s take a circular rod of radius a and length L and twist its end by a small angle 6.
We want to calculate the torque required for that.

o We first guess the right solution.

Two cross-section a distance dz from each other are twisted by the angle %dz with respect to
each other. So a point at distance r from the center on the cross-section at z + dz is shifted
by the vector du = T%dzé'¢ in comparison to that point in the cross-section at z. We thus

see that the strain tensor is
1du¢ . 1

0
Upp = Ugpy = ——— = —T'—
TP T 9dz T 2 L
and all other elements are zero.
The relation between w;; and o; is local, so we can write them in any local system of

coordinates. So as the strain tensor is trace-less

0
Ozp = O¢z = /M"Z
and all other elements are zeros.
e Notice, that for that stress tensor 8;?’ = ag;"’ = 0, so the condition of equilibrium is

satisfied and our guess was right.

Now we calculate the torque on we need to apply to the end. To a small area ds at a
point at distance r from the end we need to apply a force dF,€y = 04.dSé€y. The torque of
this force with respect to the center is along z direction and is given by dr = rFy = ro,.dS.
So the total torque is

a 0 a
T = /ra¢zdS :/0 rurzrdrdgzﬁ = Mz/o r3drdp = g%f@.

So we can measure g in this experiment by the following way

(a) Prepare rods of different radii and lengths.

(b) For each rod measure torque 7 as a function of angle 6.

(c) For each rod plot 7 as a function of #. Verify, that for small enough angle 7/6 does
not depend on # and is just a constant. This constant is a slope of each graph at
small 6.

7;(1

(d) Plot this constant as a function of 74 Verify, that the points are on a straight line

7;—“;. The slope of this line at small 7;—"; is the sheer modulus pu.
(e) One can also measure 7;—“; by measuring the frequency of oscillations of a disk on

known moment of inertia hanged on a thread.

for small






LECTURE 25
Small deformation of a beam.

Let’s consider a small deformation of a (narrow) beam with rectangular cross-section under
gravity.

We do not want to find the full deformation of it — this is a difficult problem, and we
do not need it. We want to describe an overall “shape” of the beam only. So we want to
disregard the changes in cross sections, but we cannot disregard the forces that act in there.

x coordinate is along undeformed beam, ¥y is perpendicular to it, pointing up.
Nothing depends on z. Z points towards us.

Part of the beam is compressed, part is stretched.

Neutral surface. The coordinates of the neutral surface is Y ().

Deformation is small, |Y'(z)] < 1.

Under these conditions the angle §(z) ~ Y'(z). So
Yy the change of the angle §(z) between two near points
e — T s dg =Y" (z)dz.

The neutral surface is neither stretched, nor com-
pressed. The line which is a distance y from this
surface is stretched (compressed) in z direction by
du, = ydf = yY"dx, so we have

2
v = Oug 0 Y(x)

ox y 02
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e The stretching (compression) proportional to the second derivative, as the first de-
rivative describes the uniform rotation of the beam.
There is no confining in the y or z directions, so we find that
Y ()
ox?
Consider a cross-section of the beam at point x. The force in the x direction of the dydz
element of the beam is df, = 0,,dzdy. The torque which acts from the right part on the

left is
0?Y (z) %Y (z) [ y2dydz
— [ yo,.dydz = —E R S A i
7(z) /ya ez ox? 0x? J dydz

(A is the cross-section area.) This torque is in the negative 2 direction.
The beam is at equilibrium. So if we take a small portion of it, between x and = + dx, the
total force and torque on it must be zero. Let’s consider these two conditions one by one:
Force: Let’s say that the y component of the force on the cross-

Oz = _Eumr - _Ey

/y2dzdy =—1AF

F() " re+d) - gection at  with which the right side is acting on the left is
i J F(z).
F(2) gpAds OF
F(z +dx) — F(x) — pgAdz = 0, e pgA.
- d - (positive direction is up, along ¢.)
o (gp ) e Torque: The total torque (with respect to the point = + dz,

positive is counterclockwise) acting on this portion is

1 0
—7(z +dz) + 7(z) + F(z)dx + impgA(dJl:)2 =0, a—T = F(x).
x
From these equations we find
Pt OF oY (z)
— = — =pgA IAE = —pgA.
oz2 ~ oz P9 ot P
The general solution of this equation is simply
C C
Y(z) = —%x‘l + ng?’ + ?23:2 + Ciz + Cy.
0?Y
7(x) = —TAFE 8:6(296)’ along —Z direction
BY
(25.1) F(z) = —IAFE 5 <3x>, along +§ direction
x

Both the force and the torque is from the right on the left side of a cross-section at x.
e The constants must be found from the boundary conditions.

25.1. A beam with free end. A diving board.

We need to determine four unknown constants. Cy, C1, Cs, and Cj.
We take y = 0 at x = 0 — fixing the position of one end — which gives Cy = 0. Another
condition is that at x = 0 the board is horizontal — the end is clamped |,

Y (z=0)=0
This determines C; = 0.
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At the other end (distance L) both the force and the torque are zero — it is a free end,
so we get the conditions

Y (z) 0?Y (z)
(@=L)=—3 =0 Te=1)=—55 .
These two conditions will define C3 = 22 and C; = —%LQ.
_ P a2 2
Y(z)= T (w dxL + 6L )
In particular,
P9 14
Y(x=L)=——=-L"
(e=1) =57

Notice the proportionality to the fourth power.
Different modes for the boundary conditions.

e Clamped.

e Supported.
e Free.






LECTURE 26
A rigid beam on three supports.

26.1. Results of the previous lecture.

The shape of the beam is given by

C C
Y(z) = —%fl + gx?’ + 72x2 + Ciz + Cy.
0*Y
7(z) = —IAE ax(f), along —Z direction
PY
(26.1) F(r) = ~IAE= (335)7 along +§ direction
x

Both the force and the torque is from the right on the left side of a cross-section at x.

e The constants must be found from the boundary conditions.

26.2. The force on the middle.

Consider an absolutely rigid £ = oo horizontal beam with its ends fixed. Let’s see how the
force on the central support changes as a function of height h of this support. For A < 0 the
force is zero. For h > 0 the force is infinite and h — 0_ and h — 0 are very different. So
the situation is unphysical. It means that the order of limits first £ — oo and then h — 0 is
wrong. We need to take the limits in the opposite order: first take h = 0 and then £ — oo.
In this order the limits are well defined. So we need to solve the static horizontal beam on
three supports for large, but finite ' and then take the limit £ — oo at the very end, when
we already know the solution. Luckily we know how to solve this problem for large E!
The beam is of length L. The central support has
—1; 0 lr a coordinate £ = 0 and is at the distance [; from
: : ™% the left end and at the distance [z from the right end
Pay yAN 2\ (n+ls—1)

’ The central support exerts a force F5 on the beam.
A

fil Fa

fn This force is at a single point.

d.

e It means that there is a jump/discontinuity
fJ in the internal elastic forces at © = 0.
L

89




90 SPRING 2019, ARTEM G. ABANOV, ADVANCED MECHANICS II. PHYS 303

e However, everything is piece-wise continuous
on the left and on the right of x = 0.

We then need to consider the shape of the beam to be given by two functions: Y (z) and
Yr(x). As all supports are at the same height we must have Y, (x = 0) = Y (x = —l;) =
YR<J] = O) = YR(I = lR) = 0, SO

Yy = —5sa(z + 1) (2% + Clo + CF) for —lp <z <0
Vi = —52=a(x — Ig) (552—1—6’1]%—1—063) for 0 <z <lp

In order to find the force from the middle support on the beam Fj, lets consider a small
(length dx) element right on top of the middle support. The sum of all forces must be zero,
so we get

Fy+ fr— fi — pAgdz = 0.
Taking the limit dx — 0 we find

d*Yg
dx3

d®Yy,
dd | _

FQZfL_fR:]AE< 1

>:_p~"A(Cf—cf—zR—zL).
0

=0
Check the units.
Computing the total torque (around the support point) on the same element we get

frdx/2 + frdx/2 + TRr(dx/2) — 7 (dx/2) =0, in dz — 0 limit, 75(0) = 7.(0).

The boundary conditions are

. . 2 2

e The torque at z = 0 is continuous: 5’8’”; - .

7 lxz=0 0z |z=0
e The beam is smooth at x = 0O: aaﬁ = % )

T |z=0 0z |z—0

2 2
e The torques on both ends are zero, aa YL =0 and aayf =0.

x =1z, =2 |p=ig

We thus have four conditions and four unknowns.
We now see what the boundary conditions give one by one:

CLy1,Cl = CF —1zCF.
1,CE = —1CE.

31 +2CFIg +Clt =0, 312 —20F, +CE=o0.
These are four linear equation for four unknowns. We only need a combination C# — CE

from them. Solving the equations we find

1 12+ gl 12
CR_CF = (1 41y R R T
2 lrly,

and hence the force is

- @ (lR+lL)2 o Mg L2
F, = 3 (ZR+ZL><1-|— Inls =73 1+Z(L—l) .

where [ is the distance between the left end and the central support.
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After this we find that

My I L My L—1 L
F,=== = Fr = - ,
FTs <3+L z)’ P8 <3+ L L—l)

In particular

e The answer does not depend on E! So the limit £ — oo is well defined!

o If [ = L/2, we have F, = gMg, Fp = Fr = 13—6Mg. The guy at the center carries
more than half of the total weight!

o If | -0 (Il = L), then F, and Fy, (Fg) diverges. Why?

26.3. The force as a function of h.

Now let’s finish this problem and compute how the force Fy depends on the height h of the
middle support. We simplify the problem by considering the middle support to be in the
center.

We expect that the result for the force on the cen-
ter support will be linear in h as for a spring.

A AN e This is different from the situation of two
unstretched springs. The difference is the
torques that appears at bending.

So the result should have the form F(h) = —2Mg — kh. The spring constant k will depend
on the Young modulus E. It is also clear, that if we fix the position of the ends (this is what
we do for the solution) the spring constant will not depend on g, as it will be the same even
without gravity. The force is always proportional to the combination ETA.

e The dimensional analysis then gives k ~ EZIQA%.

The prefactor should be just a number.
Again we have two functions Y7 (x) and Yg(x) and the following boundary conditions

e The ends are at Y =0, so
YL<I = —l) = O, YR(JI = l) =0.

e At x = 0 we must have Y = h, so

YL(.’L' = O) = h, YR(.I = O) =h
e The torque is continuous at the center
%Y, B 0?Yr
ox? | _,  Ox? o0
e The beam is smooth at the center
o _ o
Oz | _, Oz | _,
e The torques at the ends are zero.
0%Y, 0%Y;
L =0, Rl =,
ox? | _ | ox? | _,
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The force on the support from the beam is given by (different sign then before)

3 3
F——_rap (el 4 .
de® | _, dr? | _,
The first two conditions are satisfied by the functions of the form

pg 241F
Yy (z) = “511E (x +1) <x3 + Cka? + Ckx — Wh

pg 3 R 2 R 241 F

Y, = — — i
r(T) 24[E(x ) (x + 052"+ Cl'e + e h

The rest four conditions are enough to determine four unknown constants. As the result we
have for the force on the support

) ETIAR

It has the expected form. One can see, that

F(h:O):—ZMg

F=0, forh= B Mgl?

48 EIA
Mgl?
F=—-Mg, forh=I1X3%".
—F(h)
A
1 increase F
1V 7] IS S T S
E slope: 6El€,A
5 .
gMg """""""

This point is
independent of E




LECTURE 27

Hydrodynamics of Ideal Fluid: Mass conservation and
Euler equation.

27.1. Hydrostatics.

For the statics of liquid we can use the elastic theory. The main difference between the solid
body and the liquid is that the liquid has zero sheer coefficient. In this case the equation

1
Oik — Kujjéik + 2u(ulk — §5lku]])
tells us that the stress tensor is diagonal and we can use 0;; = —P0d;;. The constant P is
called pressure. We then have

oV (oF7] P
% " 3K K
The constant K is then given by the equation of state for the liquid.
The equilibrium condition

0oij
D = PYi,
gives
g:];- = —pgi, VP =—pj
So P = pgh.

Consider a small volume dV'. The force which acts on it is the weight pgdV and the force of
the hydrostatic pressure. We see, that the force of the hydrostatic pressure is df = —dVV P.

27.2. Hydrodynamics

e Separation of scales.
e Separation of time scales.
e Universality.

Ideal fluid means that there is no viscosity.
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27.2.1. Mass conservation.

The liquid is now moving. Mass current: amount of mass dM through an area dS during
time dt is dM = Idt, I is proportional to dS and depends on the orientation, so I = j - dS.
J is the current density and is

J = pv.
Mass conservation, consider a small volume dV'

e during time dt the amount of mass in the volume changes by ém = —dt § j - ds =
—dt [V - jdV.

e The change of mass is dt [ pdV .

e As it is correct for any volume we have

p+V-j=0.
This is called continuity equation. It represents the fact that the mass cannot appear or

disappear. It will also be correct for any conserved quantity with the correct definition of
“current density”.

27.2.2. Another Euler equation.

We can describe the flow of liquid in two different ways:

e Describe the position and the velocity of the “liquid particles” as the function of
time.

e Introduce the fields p(7,t), P(7,t), and ¥(7,t) of density, pressure, and velocity and
describe the dynamics of these fields.

Describe the two point of views.

e the field ¥(7,t) describes the velocity at the point 7 at time ¢. It is NOT a velocity
of an object! it’s time derivative 2¥ is NOT an acceleration of an object. We cannot

at
use the Newton’s laws for it.

Instead we must consider a small volume dV" at point 7 at time ¢. This volume has mass pdV
and is an object to which we can apply the Newton’s law F' = mad.

e The force which acts on this volume is —dV'V P.

e Considering the vector field ¢(r, ) as given at each point and at each time(!):
— At time ¢ our volume dV has the velocity 0(7,t).
— At time ¢ + dt this volume/object will shift to the position 7 = 7+ (7, t)dt.
— So its velocity at time t + dt is

Gt + dt) = U7+ T(F, )dt, ¢+ dt) ~ 57, ) + (Vid)vidt + Zdt'

— So during time dt the velocity of the volume/object dV has changed by dv =
dt(T- V)T + 9¥dt.
dv

— Its acceleration then is @ = 4 = (- V)0 +

ST

=5

e Now we can write F' = ma:

—dVVP = pdV ((17~ V)i + g:)
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The equation of the vector field ¥(7,t) time evolution (Euler equation) is

ov - 1~
4 (0-V)i=—-VP
t—l—(v V)u V

In case there is gravity there is extra force pdV ¢ on this volume/object, so the equation is

modified 95 )
v — —
— 4+ (U-V)i=—-VP+g.
5 (V) VP +g
This equation together with the continuity equation and the equation of state are the full

set of equations which must be supplied with the boundary conditions.

e The equation of state — how p depends on P (and may be temperature) — is what
distinguishes one liquid from another.

e All together we have three equations (five in components) for three (again five in
components) fields ¢, P, and p.






LECTURE 28

Hydrodynamics of Ideal Fluid: Incompressible fluid,
potential flow.

28.1. Incompressible liquid.

In case of incompressible liquid the equation of state is particularly simple: the density is
constant. So we have

- o, = . - (P

V.-u=0, at+(v-V)v=—V<p+<bg>.
In this case we can use the following trick (more formal justification can be found in the
cutout): we will be looking for the solution in the form

v = V.
Notice, that this implies that curlv = 0.
The continuity equation then gives

Ad = 0.

Using the formula
T x curld = %%2 —@-V)T
This is so called potential flow. We need to supplement this
- equation with the boundary conditions. The simplest one is
5~ xewld=-V ( PR ) that on each boundary the component of the fluid velocity
If we now take curl of both sides we'll get ~ perpendicular to the boundary equals to the component of

the boundary velocity perpendicular to the boundary.

Now substituting © = V¢ into the Euler equation and

Notice, th hi tion is identicall . I N o
otice, that this equation is identically using (U . V)’U — 8’¢8’83¢ — 81¢a]81¢ — %aj<al¢)2 — V%UQ

satisfied if curld = 0. Which in turn iden-
we find

we can rewrite the Euler equation as
o5

—curld — curl(7 x curld) =0

ot

tically satisfied by 7 = ﬁd) for some func-

. o) 1
tion ¢. V(af+p+<1> + 3 >=0,

and finally (notice, that the function f does not depend on the coordinate and thus must be
given by the boundary conditions) we get the equation for P.

1oL0) 1
8t+ +<I> +211 = f(t)

97
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28.2. Potential flow around a moving sphere

Consider a sphere of radius R moving with the velocity @ in the ideal incompressible fluid.
The flow of the fluid around the sphere is potential, so we need to solve the equation

A¢p =0,

— —|

- U, U — 0.

iUl sphere — —

where the boundary conditions demand that the normal component of the fluid on the sphere
equals the normal component of the element of the sphere.

The function ¢ is the scalar. It must linearly depend on the velocity @ as both the Laplace
equation and the boundary conditions are linear. This is analogous to the dipole field in the
electrostatics, so the solution must be of the form

-1
p=at-V-,
r

where a is an arbitrary constant which must be found from the boundary conditions. This
is the field produced by the dipole d = ai, so the velocity (electric field) is

U= T—3[3n(un)—u]

So on the sphere surface we have

I 2a

v-nl_gp ﬁ( )
and we see, that a = %3 and

R? R3
= ——U-1, U= —[3n(u-n)—u].
=5 s B 7) — 1)
In order to calculate the pressure use % + % + %vZ = %. We then need to calculate %‘f.

In order to do we must remember, that the sphere is moving, so we need to think about the
potential ¢ as a function of the position of the center of the sphere 7y and its velocity u:
(7 — 79, u), then we have

9 09 -
We then find . . .
_ L2 29 L opn U
P—P0—|—8pu (9cos” 0 5)+2pRn o

We can calculate the total force acting on the sphere

F= f Pds.
The integration of the first two terms in P gives zero. For the last term we find
1 du; 14w du,;
F, = —pR—LArR’mym; = = —pR*—.
gy T T T P

(it is clear that 7;m; must be diagonal. Also n,n, = 7yn, = 7,1, and m;n; = 1) So we find

that 1 _d 2 dii

Usj s u
~pR—L4ArR*m;m; = —pR*—.
gy TN T gy

F

Notice:
e Without the viscosity the force is zero if the velocity of the sphere does not change.
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e The liquid just effectively changes the mass of the sphere by the value

L% p3
237TR p-

Half of the expelled mass.



